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a b s t r a c t
Dikes and sills are the moving building blocks of the plumbing system of volcanoes and play a fundamental
role in the accretionary processes of the crust. They nucleate, propagate, halt, resume propagation, and sometimes change trajectory with drastic implications for the outcome of eruptions (Sigmundsson et al., 2010).
Their dynamics is still poorly understood, in particular when different external inﬂuencing factors are interacting. Here we apply a boundary element model to study dike and sill formation, propagation and arrest in
different scenarios. We model dikes as ﬁnite batches of compressible ﬂuid magma, propagating quasi-statically in an elastic medium, and calculate their trajectories by maximising the energy release of the magmarock system. We consider dike propagation in presence of density layering, of density plus rigidity layering,
of a weakly welded interface between layers, under the action of an external stress ﬁeld (of tectonic or topographic origin). Our simulations predict sill formation in several situations: i) when a horizontal weak interface is met by a propagating dike; ii) when a sufﬁciently high compressive tectonic environment is
experienced by the ascending dike and iii) in case a dike, starting below a volcanic ediﬁce, propagates
away from the topographic load with a low dip angle. We ﬁnd that dikes halt and stack when they become
negatively buoyant and when they propagate with low overpressure at their upper tip toward a topographic
load. Neutral buoyancy by itself cannot induce dikes to turn into sills, as previously suggested.
© 2011 Elsevier B.V. All rights reserved.

1. Introduction
It has been observed that a vast majority of magma-ﬁlled dikes
never reach the surface and cause an eruption (Gudmundsson and
Brenner, 2001; Gudmundsson, 2002); most dikes either halt (White
et al., 2011), turn into sills, aggregate into plutons and laccoliths (de
Saint Blanquat et al., 2011; Gudmundsson, 2011; Menand, 2011) or
feed crustal magma chambers (Gudmundsson, 1986, 1990; Borgia et
al., 1992; Chiarabba et al., 2000; Sigmundsson et al., 2010).
Many researchers have tackled the problem of understanding the
physical mechanisms that may inﬂuence dike propagation/arrest and
sill emplacement; however, magma transport through ﬂuid-ﬁlled
fractures still represents a debated problem in geophysics, and a
self-consistent physical model for dike propagation in different scenarios is still missing. Johnson and Pollard (1973) studied the shape
and the aspect ratio (length/thickness) of some intrusions in the
Henry Mountains, Utah. They tested different models for the driving
pressure, the physical properties and the viscous ﬂow of the magma
to study sill emplacement and laccolith formation. They conclude
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that the observed laccoliths are formed by successive intrusions
of horizontal sills emplaced at the bottom of the housing sediments.
Fridleifsson (1977), Hyndman and Alt (1987), Rivalta et al. (2005),
Kavanagh et al. (2006), Burchardt (2008), Gudmundsson (2011) investigated the effect of rigidity contrasts on dike propagation by
employing in-ﬁeld observations, laboratory experiments and numerical models. In the laboratory, rigidity contrasts are shown to be very
effective in rotating ascending dikes into sills when a more rigid layer
is present on top of a more compliant one. Hyndman and Alt (1987)
reproduced experimentally the geometry of the magmatic intrusions
observed at the northern Adel Mountains of central Montana, where
several examples of laccoliths are seen to connect to their feeder
dikes, radially distributed under a central volcano. In those experiments the volcano was simulated with a gelatin cone laid on the surface of a 20 cm thick gelatin block made of two layers with different
rigidities, with the upper stiffer 1 cm thick layer simulating the relatively rigid Eagol sandstone. Successive injections of coloured gelatin
reproduced the radial pattern of the dike distribution observed in the
ﬁeld and the formation of a horizontal sill at the boundary between
the two layers with different rigidities. Rivalta et al. (2005) studied
the role of layering with a series of experiments on air-ﬁlled cracks
propagating in layered gelatin. They observed velocity and shape
changes when ascending air-ﬁlled cracks approached and crossed
the interface between two layers. Dikes were observed to stop at
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the interface if they had a subcritical volume. They also observed sill
formation along the boundary if the rigidity contrast was stiff (transition from a compliant to a stiffer medium) and large. Kavanagh et al.
(2006) injected water into layered gelatin. They also found sills forming at the interface between a lower compliant layer and an upper
stiffer one; moreover they observed hybrid dike-sill to form, with
the upper tip of the dike bifurcating and propagating both along the
interface and into the stiffer medium. No sill formation was observed
in case of transition from stiffer to compliant layers or in presence of
density layering alone. Burchardt (2008) described ﬁeld observations
from the basaltic Njardvik Sill, Northeast Iceland. This exposed sill
complex, composed of 7 sill units, offers the opportunity to directly
observe inclined-dikes (sheets) evolving into horizontal sills along a
sharp contact between a ryolitic intrusion and adjacent basaltic lava
ﬂows. Burchardt (2008) calculates, with a numerical model, the direction of the maximum compressive stress σ1 induced by the inclined sheets and by the newly emplaced sills in proximity of the
contact between the felsic intrusion and the basaltic lava pile. Her results suggest that sill emplacement is mainly due to a stress rotation
in proximity of this interface, where she found the orientations of
σ1 to be horizontal.
A gradual decrease of the host rock density has been shown on the
other hand to induce dikes to propagate laterally. Lister and Kerr
(1991) accounted analytically for the mechanics of the ﬂuid, elasticity
of the host rock and the effect of buoyancy on a vertically propagating
dike. They showed local density changes to be crucial in governing the
ascent of the dike and predict lateral propagation of the ﬂuid-ﬁlled
fracture at the level of neutral buoyancy (LNB). They validated this result observing in the laboratory a fracture ﬁlled with a glycerol solution to propagate downwards in a gelatin block with a density
linearly increasing with depth; at the LNB the crack halted and started
propagating laterally. Pinel and Jaupart (2004) studied lateral dike
propagation at the LNB under a volcanic ediﬁce. They found the compressive stress due to the volcanic load to be important in establishing
the condition for magma arrest at a certain depth and found signiﬁcant horizontal propagation only if magma has negative buoyancy at
the storage depth. Taisne and Jaupart (2009) studied analytically vertical dike ascent in a density stratiﬁed medium. They assumed constant inﬂux of magma into the base of the dike. They found the
upper tip of the dike to progressively decelerate while entering in a
layer providing negative buoyancy and obtained the dike to thicken
in proximity of the LNB. They concluded that this swollen region at
the dike upper tip can lead the dike to turn into a sill at the LNB.
The above mentioned dike models assumed vertical or horizontal
propagation. However, recent seismic observations from Iceland
(White et al., 2011) demonstrated how dikes often choose inclined
paths. Dahm (2000) studied the direction of propagation under the
effect of the external stress ﬁeld and density heterogeneities. In that
boundary-element model, buoyancy-driven crack propagation is realised by adding a test dislocation at the upper tip of the crack and
closing a dislocation at the lower tip. The crack is ﬁlled with a nonviscous batch of ﬂuid with constant mass and the direction of propagation is controlled by the release of elastic strain energy. Maccaferri
et al. (2010) used a similar algorithm, coupled with analytical solutions for dislocations in presence of a rigidity discontinuity, to calculate dike trajectories in layered media. They identiﬁed three main
behaviours: (i) straight propagation when dikes are far from the rigidity transition; (ii) a deviation toward the vertical direction when
dikes cross the transition from a stiff to a compliant layer; (iii) a deviation toward the horizontal direction when dikes approach a stiffer
medium. Muller et al. (2001) and Watanabe et al. (2002) observed
experimentally air-ﬁlled crack propagating in solid gelatin to deviate
in the direction of the maximum compressive stress induced by a surface load. Moreover Watanabe et al. (2002) studied the effect induced
by previously emplaced intrusions. The magnitude of the deviation
was found to depend on the overpressure at the upper tip of the

crack and an empirical relation was derived by Watanabe et al.
(2002). Muller et al. (2001) developed a boundary element 2D
model, similar to Dahm (2000), in which the criterion for establishing
the direction of propagation was the minimization of the shear stress
on the element opening at the upper tip of the crack. After comparing
observations from analogue experiments with the output of the numerical model, Muller et al. (2001) concluded that volcanic topographic loading focuses dikes initiated at depth over lateral
distances proportional to the volcano width and weight and inversely
proportional to the driving pressure of dikes. Bonaccorso et al. (2010)
applied the results obtained by Watanabe et al. (2002) to explain the
path followed by a magma dike at Mt. Etna just before the 2001 eruption to estimate the excess pressure of the originally emplaced dike
before it started propagating into the volcanic ediﬁce under the effect
of the stress ﬁeld due to the topographic load. Meriaux and Lister
(2002) studied dike trajectories in presence of the stress ﬁeld generated by a magma reservoir (simulated through a pressurized circular
hole) in an elastic medium on which a remote deviatoric stress is applied. Trajectories were calculated maximising the normal tensile
stress at the upper tip. They found the magnitude of the differential
stresses around volcanic centres to be from 2 to 5 times larger than
the ones estimated from trajectories based on the maximum compressive stress criterion. Menand et al. (2010) studied dike propagation in a compressive tectonic environment using horizontally
compressed gelatin blocks. They observed injected cracks to deviate
gradually to horizontal planes. They found sill formation taking
place over some distance that decreases with the ratio between the
applied compression and the overpressure at the upper tip of the
crack. This ratio needs to be high enough for sill formation to occur,
otherwise magma would reach the surface before a sill could fully
form. They derived an empirical relation to estimate the vertical distance travelled by a dike as a function of the compressive external
stress, the density difference between magma and rock, and the initial
height of the crack.
Menand (2011) compiled a review of the main physical mechanisms that could be responsible for stalling the ascent of dikes and
cause sill formation, identifying: (i) level of neutral buoyancy (ii) rheology contrasts (iii) rigidity contrasts (iv) compressive stress ﬁeld. He
discusses critically the relative importance of each of these factors
evaluating their efﬁciency on the basis of mechanical and thermal
considerations. On the basis of direct and indirect ﬁeld observations,
he concludes that crustal heterogeneities are likely to play a dominant role in sill formation, especially when interacting with an external compressive stress. He excludes neutral buoyancy by itself as a
controlling mechanism but highlights its importance if coupled to
other mechanisms. Finally, he argues that a quantitative description
of the processes that drive an ascending batch of magma to turn
into a sill, along with a better deﬁnition of the crustal heterogeneities
and tectonic stresses, would be useful in order to understand the dynamics of magma accumulation in layered bodies, as laccoliths or plutons, as well as in crustal magma chambers.
The variety of models and approaches outlined above, which
sometimes lead to controversial conclusions, illustrate how the transport of magma through ﬂuid-ﬁlled fractures still represents a debated
problem in Geophysics. A self-consistent theoretical study of dike trajectories in the different scenarios, accounting for all the physical
mechanisms mentioned above, would be desirable. We seek here to
move in this direction, employing the same physics-based method
to study dike propagation in presence of: (i) a rigidity discontinuity,
(ii) a density transition, (iii) a fracture toughness heterogeneity, and
(iv) an external stress ﬁeld. First, we describe our quasi-static approach, coupled with an energetic criterion of propagation. For each
of the geological conﬁgurations above (including some mixed cases)
we present a picture of the outcome of our dike propagation model
and compare quantitatively the role of these factors in promoting or
inhibiting sill formation and dike ascent, deﬂection or arrest. Finally,

Author's personal copy
F. Maccaferri et al. / Journal of Volcanology and Geothermal Research 208 (2011) 39–50

we discuss the assumptions and simpliﬁcations of our theoretical formulation and discuss possible future developments of this approach.
2. Mathematical model
2.1. The boundary element crack
We model a ﬂuid-ﬁlled fracture (a dike, in the present application)
as a boundary-element crack: it is composed by N contiguous and
interacting dislocation elements, opening within a brittle elastic medium under assigned stress conditions, prescribed at the centre of
each dislocation element. The formulation in the present paper is
similar to that described in Maccaferri et al. (2010), but we extend
it to take into account any external (tectonic or topographic) stress
ﬁeld, density layering and weak interfaces. In the following sections
we shall describe the computational algorithm highlighting the differences from Maccaferri et al. (2010).
The mathematical problem to be solved consists in a 2N × 2N linear system in which the unknowns are the normal and tangential components of the Burgers vector of each dislocation element (b n and b s
in Eq. (1)). The combined stress produced by all the N elements calculated at the centre of each dislocation must balance the overpressure
ΔP and shear stress τ assigned there:
8 Nh
i
n n
s s
>
>
>
< ∑ bj Nij þ bj Nij ¼ −ΔPi
j¼1

with i ¼ 1; ⋯; N
i
N h
>
n n
n s
>
>
: ∑ bj Sij þ bj Sij ¼ −τi

ð1Þ

j¼1

where ΔPi = ΔP(xi, zi) = Pﬂuid−Pconf is the overpressure on the fracture surface given by the difference between the ﬂuid pressure and
the conﬁning pressure and τi = τ(xi, zi) is the shear traction due to
any tectonic stress or topographic load. ΔPi and τi are calculated in a
^ i ; ^s i oriented normal and parallel to the
reference frame with axes n
i-th dislocation element (see Fig. 1). Nijn, Sijn, Nijs and Sijs are the inﬂuence
coefﬁcients, i.e. the normal (N) and shear (S) tractions computed at
the mid-point of the i-th dislocation (x = xi, z = zi), due to the normal
( n) and shear ( s) components of the Burgers vector at the j-th dislocation (with mid-point in x0 = xj, z0 = zj). The inﬂuence coefﬁcients are
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computed from the analytical solutions for tensile and edge dislocations in layered media, provided by Bonafede and Rivalta (1999)
and Rivalta et al. (2002), as discussed in Maccaferri et al. (2010).
The linear system (Eq. (1)) is solved with the additional constraint
bjn ≥ 0, since a negative value would provide interpenetration of matter. In order to fulﬁl this condition, we devise a simple iterative method that shortens the dike if a negative opening should occur (see also
Maccaferri et al., 2010).
We improved the previous version of our code Maccaferri et al.,
2010 allowing asymmetry in the tensile and shear components of
the Burgers vector on the opposite faces of a dislocation element.
Each Burgers vector obtained from the linear system (1) gives the relative displacement of the positive face of each dislocation with respect
to the negative one. In order to calculate the absolute displacement of
the positive face we calculate the displacement produced by each of
the N dislocation elements in the limit of (x, z) → (xi+, zi+) and similarly
for the negative face.
The boundary element approximation of a crack is more accurate
if the discretisation is ﬁner. In order to better describe the tips of
the fracture, where the dislocation density is higher, without increasing excessively the computation time, we tested different non-uniform discretisations of the crack, with higher density of dislocation
elements close to the lower and upper tips. The result was found to
be not signiﬁcantly different from what is obtained discretising uniformly with 50 or more elements.
2.2. Overpressure proﬁle
The overpressure ΔP(x, z) assigned within the dike is the difference between the magma pressure Pﬂuid and the conﬁning stress in
the rock Pconf. The conﬁning stress is the superposition of the lithostatic pressure Plit(z) (acting as a compressive negative stress) plus
the normal component of an external (topographic or tectonic) stress
σ(x, z) = σijninj, so that:
Pconf ðx; zÞ ¼ Plit ðzÞ−σ ðx; zÞ:

ð2Þ

The ﬂuid pressure is given by the magma-static pressure proﬁle,
and accounts for the compressibility of magma, so that:
Pfluid ðzÞ ¼ ρf g ðz−zt Þ þ ΔPK

ð3Þ

0
where zt is the depth of the upper tip of the crack and ΔPK ¼ −Kf A−A
A0
is the pressure response due to a volume (per unit length) variation
of the ﬁnite batch of ﬂuid, with respect to the reference volume A0
(at atmospheric pressure) and is proportional to the bulk modulus
Kf of the ﬂuid.
From Eqs. (2) and (3) we can write the overpressure as:

ΔP ðx; zÞ ¼ ρf g ðz−zt Þ−Plit ðzÞ þ ΔPK þ σ ðx; zÞ:

ð4Þ

In order to conserve the mass of the ﬂuid the ﬂuid density varies
according to any volume variation of the intrusion:

Z

ρf ¼ ρf 0 þ Δρf

ð5Þ

where

Z

Δρf ¼ −ρf 0

Z
^i.
Fig. 1. Schematic diagram of the boundary element model and reference frames ^s i ; n

A−A0
A−A0
≃−ρf 0
:
A
A0

ð6Þ

where ρf0 is the reference density of the ﬂuid at depth z = 0, and
where small volume variations are assumed (i.e. A−A0 ≪ 1).
The lithostatic pressure at depth z can be written as:
 
z
′
′
Plit ðzÞ ¼ ∫0 ρr z gdz :

ð7Þ
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The density of the rock varies with depth due to the lithostatic
pressure and layering, if present. In case of a homogeneous medium
we have:
ρr ðzÞ ¼ ρr0 −ρr0 ⋅εkk ¼ ρr0 þ ρr0

Plit ðzÞ
Kr

ð8Þ

shearing an empty fracture surface Σ in a compressive (lithostatic)
environment.
In our 2D model, the surface integral in Eq. (12) becomes a line integral over the length L, approximated as a sum over N elementary
dislocations of length l and the energy (Eq. (12)) becomes an energy
per unit length:

where ρr0 is the reference density of rock (at depth z = 0), Kr is the
bulk modulus of rock. Combining Eq. (8) with Eq. (7) we obtain a simple integral equation for ρr that has the solution:




l N  0
1
n
0
1
s
Wr ðLÞ ¼ − ∑ σi þ σi ⋅bi þ τi þ τi ⋅bi
2 i¼1



g
ρr ðzÞ ¼ ρr0 exp ρr0 z
Kr

where σi0 and σi1 are the normal components acting on the i-th dislocation of the pre-stress and residual stress respectively, while τi0 and
τi1 are the shear components of the pre-stress and residual-stress.
On the i-th dislocation, the normal component of the pre-stress is
the conﬁning pressure, i.e. the lithostatic pressure at zi plus the normal component of a possible external stress ﬁeld: σi0 = Plit(zi)
+ σ(zi). The normal component of the residual stress is the normal
pre-stress plus the normal stress induced by all the dislocation elements at the centre of the i-th element: σi1 = σ 0−ΔP(zi) (see
Eq. (1)). The shear component of the pre-stress is due to a possible
external stress ﬁeld acting at zi: τi0 = τ(zi); the shear component of
the residual stress is completely released by the fracture slip
(τi1 = τi0−τ(zi) = 0) (the residual shear stress must vanish because
the fracture contains a ﬂuid). So we can write:

ð9Þ

in case of two layers with different densities ρr, 1, in 0 b z b zd, and ρr, 2,
in z N zd, being zd the depth of the density transition, we can write:


g
z
for 0bzbzd
ρr;1 ðzÞ ¼ ρr0;1 exp ρr0;1
Kr1


g
>
>
: ρr;2 ðzÞ ¼ ρr;2 ðzd Þexp ρr;2 ðzd Þ
ðz−zd Þ
for
zNzd
Kr2
8
>
>
<

ð10Þ

where ρr, 2(zd) is the density of the lower layer at depth z = zd:





K
g
zd −1 :
ρr;2 ðzd Þ ¼ ρr0;2 1 þ r1 exp ρr0;1
Kr2
Kr1

ð11Þ

Now the overpressure ΔP(xi, zi) is explicitly deﬁned and the system (Eq. (1)) can be solved to calculate the Burger vector components
bjn and bjs.
2.3. The energetic criterion governing dike propagation
As in Dahm (2000) and Maccaferri et al. (2010), we model the
propagation of a dike by adding an elementary dislocation at the
top of the boundary element crack and deleting, in case of null or negative opening, one or more dislocation elements at the bottom. The
stress intensity factor vanishes at the lower tip in this case, in agreement with the fact that the elastic medium was fractured by the
crack. At each iteration step, we re-evaluate the pressure proﬁle and
calculate the new equilibrium conﬁguration. Note that this quasistatic approach does not provide information on the velocity of the
ﬂuid-ﬁlled crack.
The preferred path is found by adding a dislocation element ahead
of the advancing tip according to different test orientations and
selecting the direction which maximises the amount of the total energy release: ΔE = ΔW + ΔG, where ΔW is the strain energy and ΔG is
the gravitational energy. Propagation is allowed if the energy release
exceeds a speciﬁc threshold, representing the energy required to fracture the new surface.
In the present paper we calculate the energy in a different way
with respect to our previous work Maccaferri et al. (2010), as appropriate for the case of an external stress ﬁeld acting on the crack, as
shown below. Here we will write both energies W and G as the sum
of the contributions from the elastic medium and from the compressible ﬂuid, so that W = Wr + Wf and G = Gr + Gf respectively.
First, we consider the work Wr performed against the elastic forces
in order to open the fracture surface Σ by an amount equal to the Burger vector →b (Aki and Richards, 1980, p. 55–56):


1
0
1
Wr ðΣÞ ¼ − ∫Σ bi σij þ σij νj dΣ
2

ð12Þ

^ are the fracture surface and its unit normal respectivewhere Σ and ν
ly, σ 0 is the stress tensor acting on Σ before the opening/slip of the
crack and σ 1 is the stress tensor after opening/slip. Wr(∑) represents
the positive work performed on the elastic medium by opening and

i
l N h 0
n
s
Wr ðLÞ ¼ − ∑ 2σi −ΔP ðzi Þ ⋅bi þ τðzi Þ⋅bi
2 i¼1

ð13Þ

ð14Þ

with σi0 =−Plit(zi) + σ(zi).
Next, we consider the elastic energy variation Wf of a compressible ﬂuid undergoing a volume change. This contribution represents
the work needed to compress the ﬂuid from the reference volume
A0 to the actual volume A occupied by the ﬂuid when emplaced
in the fracture:

1
ΔA
Wf ðLÞ ¼ A⋅ − ΔPK
2
A0

¼


1
A−A0
Kf A
A0
2

2

:

ð15Þ

The total work performed against the elastic forces in order to
emplace the ﬂuid into a fracture of length L can be written as W
(L) = Wr(L) + Wf(L). The elastic energy release ΔW associated to
propagation to a distance l in direction δ is given by the difference
between the work needed to build these two conﬁgurations:
ΔW = W(L)−W(L + lδ).
In a similar way, we introduce the work performed to vary the
gravity potential of the system G. First we consider the contribution
Gf due to the mass of the intrusion:
→
^ dΣ
Gf ðΣÞ ¼ −∫Σ ρf gz b⋅ν

ð16Þ

− Gf(Σ) represents the gravitational energy released when passing
from a reference depth (with z = 0) to a conﬁguration with the intruding mass that ﬁlls the fracture surface Σ. For a boundary element
crack of length L, the integral (Eq. (16)) can be written as:
N

n

Gf ðLÞ ¼ −ρf g ∑ zi ⋅bi :

ð17Þ

i¼1

The contribution to the gravity potential due to the opening of the
fracture (Gr) is the work performed by gravity forces in inducing the
displacement ﬁeld in the embedding rock. When far away from the
free surface or a boundary interface, the vertical displacements due
to each dislocation element are symmetric with respect to the centre
of the dislocation, hence Gr = 0. We checked the magnitude of this
contribution in proximity of the boundary between two layers with
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different rigidities and densities, obtaining that it is always negligible,
so we put Gr = 0 in all cases.
The gravitational energy release ΔG for propagation of length l in
direction δ is given by: ΔG = G(L)−G(L + lδ) and is typically negative
for upward propagation, reﬂecting the growth of the gravity potential
energy of the system due to magma ascent.
The speciﬁc total energy release (per unit advancement of the
crack tip) due to the fracture growth of l in direction δ is the difference between the energy drops of the two consecutive conﬁgurations over the length l of the added element or can be seen as
the difference between the works needed to build these two conﬁgurations (divided by l).
As mentioned at the beginning of this section, propagation is
allowed if the overall energy drop exceeds a speciﬁc fracture energy
threshold per unit lengthening. This threshold ET can be estimated
as (Dahm, 2000):
2

ET ¼ Kc

1−ν
2μ

ð18Þ

where Kc is the fracture toughness. Eq. (18) is obtained from the
equivalence of Grifﬁth and Irwin fracture criteria in the limit of slow
propagation (e.g. Aki and Richards, 1980, vol 2, cap. 15). It may be
obtained computing the energy release provided by a tensile crack
advancing by ∂l and equating it to the energy required to create a
new fracture surface ∂E ¼ 2γs ∂l, where γs is termed “speciﬁc surface
fracture energy” and it depends on the composition and temperature
of the elastic solid.
Elastic-brittle materials follow the relation:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Kc ¼ 2⋅ γs μ ð1 þ νÞ

ð19Þ

(see Grifﬁth, 1920; Menand and Tait, 2002) so that:


2
ET ¼ 2 1−ν γs :

ð20Þ

3. Numerical results
In this section we present the results of our model in presence of:
•
•
•
•

density discontinuity in constant rigidity media (case 1);
density and rigidity discontinuity across a welded interface (case 2);
fracture toughness heterogeneities (weakly welded interface) (case 3);
deviatoric stress ﬁeld in a homogeneous half-space with free surface (case 4).

During propagation we conserve M0 = A0 ⋅ ρf0 = A ⋅ ρf that represents a mass-per unit length in our 2D model. The output of the mathematical model provides: (i) crack propagation path; (ii) crack shape,
(iii) stress changes induced in the medium, (iv) energy release per
unit lengthening during propagation.
In all the cases we set the Poisson's ratio ν = 0.25, the bulk modulus of the magma Kf = 10 GPa and calculate the bulk modulus of the
rock as Kr = 2μ(1 + ν)/[3 ⋅ (1−2ν)]. In cases 1, 2 and 3 the reference
cross sectional area of the dike A0 is always set to 1.5·10 3 m 2 (in
case 4 the value of A0 is speciﬁed for each conﬁguration).
3.1. Case 1: Density layering
We start from the numerical simulations relative to the propagation of a magma-ﬁlled dike in a homogeneously rigid medium with
density layering. For this case we present three conﬁgurations:
1. buoyant magma in transition from a lower to a higher density
layer (ρf b ρr1 b ρr2, panels A.1 to A.4 in Fig. 2);

43

2. buoyant magma in transition from a higher to a lower density
layer (ρf b ρr2 b ρr1, panels B.1 to B.4 in Fig. 2);
3. intrusion into a layer with lower density than the magma (ρr2 b ρf b ρr1, panels C.1 to C.4 in Fig. 2).
In all these conﬁgurations, the dike starts in the lower half
space, where it is positively buoyant, with the characteristic teardrop shape of a Weertman crack (Weertman, 1971a,b) and a dip
angle of 45° (panels A.1, B.1 and C.1). The numerical solution
shows that the dike propagates self-similarly until it enters the
upper layer. During the transition into the denser or less dense
rock, the dike length and thickness change (Fig. 2 panels A.2–3,
B.2–3 and C.2–3) but its direction of propagation remains
unchanged. This result might appear counterintuitive, as one
might expect that an increase or a decrease in rock density, resulting in a decrease or increase of dike buoyancy, would provide a deviation toward the horizontal or the vertical respectively. However,
the contribution from the elastic energy, in a medium with homogeneous elastic parameters and in absence of external stress, is
largest for a planar crack, and this contribution results to be dominant. The speciﬁc energy release changes across the transition due
to a change in the buoyancy of magma (Fig. 2 panels A.4, B.4 and
C.4): in conﬁguration (i) ΔE increases, since magma buoyancy increases, but this does not divert the dike vertically, as one might
expect on intuitive grounds; in conﬁguration (ii) ΔE decreases because buoyancy decreases and the dike continues to propagate in
the same direction; ﬁnally, in conﬁguration (iii) the energy release
vanishes and the dike stops with the maximum opening in correspondence of the interface.
In background of Fig. 2 we plot the modulus
of the displacement
1
vector induced in the rock: j→u j ¼ u2x þ u2z 2 , as a measure of the deformation induced in the medium. Of course, the deformation is symmetric with respect to the plane of the dike, since the elastic
properties of the medium are uniform.
3.2. Case 2: Interaction between density and rigidity layering
In the second case considered we show the effect of coupling rigidity and density layering (Fig. 3). Here we reconsider the ﬁrst two
conﬁgurations considered in case 1 (transition from lower to higher
density layers and vice versa) but superpose to the density transition
a homologous rigidity transition (higher rigidities corresponding to
higher densities):
1. transition from a low-density compliant layer to a high-density
stiff layer (panels A.1 to A.4 in Fig. 3);
2. transition from a high-density stiff layer to a low-density compliant layer (panels B.1 to B.4 in Fig. 3).
In each panel we draw shifted to the left for comparison the
dike path and shape when uniform density is assumed. The energetically preferred path does not differ signiﬁcantly (only 0.5° in
the ﬁnal dip angle) and the only appreciable differences are in
the dike length and thickness after the boundary transition. In the
background, the displacement ﬁeld induced in the medium is
shaded.
In the second conﬁguration (Fig. 3 panels B.1 to B.4) we set the
densities of the layers to the same values of the second conﬁguration of case 1 (3000 kg/m3 for the lower layer and 2900 kg/m 3 for
the upper) but we set the rigidity of the higher layer to a lower
value than in case 1 (30 MPa for the lower layer and 15 MPa for
the upper one). The path and shape obtained with uniform density
is drawn on the left of each panel. Again, in the energetically preferred paths no signiﬁcant differences can be easily recognised
(we obtain a difference of 1° for the ﬁnal dip angle) and again
the only appreciable differences involve the dike length and thickness after the boundary transition.

Author's personal copy
44

F. Maccaferri et al. / Journal of Volcanology and Geothermal Research 208 (2011) 39–50

CASE 1 − Density Layering −
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Fig. 2. Panel rows A, B and C portray conﬁgurations (i), (ii) and (iii) of case 1 respectively. In the ﬁrst three columns successive “snapshots” of the propagating dike are shown, with
the modulus of the displacement vector induced in the medium shaded in the background. The dashed line represents the energetically preferred path and the opening of the dike is
exaggerated by a factor 1400. Panels A.4–B.4–C.4 show the speciﬁc total energy release, plotted as function of the s-coordinate along the dike path. In all these simulations we used
an initial number of dislocation elements N = 104, a test angle α = 0.5° and set the energy threshold for propagation as ET = 0.

In the background of Fig. 3, the displacement ﬁeld induced in the
medium is shaded: the displacement ﬁeld now is asymmetric with respect to the dike plane, with greater deformation toward the softer
medium, which is particularly evident when the dike crosses the
interface.
We can summarise the results from the simulations seen in this
case, highlighting two main features: ﬁrst, in this conﬁgurations we
do not observe any signiﬁcant inﬂuence of density layering on the
energetically preferred path: only elastic layering is effective in
this respect. Second, both elastic and density layering are effective
in changing the dike length and shape during the boundary
transition.
It is interesting to note that the speciﬁc energy release ΔE increases in conﬁguration (i) after crossing the interface, due to the
greater buoyancy, but this has no effect on the propagation direction.
The physical explanation is that the elastic solutions provide greater
dike opening for straight propagation and this allows greater energy
release along a straight inclined direction than deﬂecting the dike
closer to the vertical.

3.3. Case 3: Fracture toughness heterogeneities
In this section, we investigate the propagation of a dike in presence of a weakly welded interface between two superposed layers.
We introduce a weak plane in z = 0 by setting the fracture energy
threshold ETint to a lower value than the energy threshold needed to
propagate within the layers (ETlay). We consider again three
conﬁgurations:
1. a homogeneous medium with a weak interface in z = 0;
2. the transition from a rigid to a compliant layer, weakly welded in
z = 0;
3. the transition from a compliant to a rigid layer, weakly welded in
z = 0.
In each of these conﬁgurations, we calculate the difference between the energy released for propagation on z = 0 (ΔEint) and the
maximum energy release over all the possible directions (ΔEmax), as
done in cases 1 and 2. In general, ΔEmax N ΔEint, but considering that
the fracture energy thresholds along the interface (ETint) and inside
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CASE 2 − Density and Rigidity Layering −
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Fig. 3. Panel rows A and B correspond to conﬁgurations (i) and (ii) of case 2, respectively. In the ﬁrst three columns, successive “snapshots” of the propagating dikes are shown. The
modulus of the displacement vector induced in the medium is shaded in the background. The dashed line represents the energetically preferred path and the opening of the dike is
exaggerated by a factor 1400. Panels A.4–B.4 show the total speciﬁc energy release for conﬁgurations (i) and (ii) of case 2 (continuous red line), plotted as function of the s-coordinate along the dike path. The blue dashed lines represent the energy release in the two conﬁgurations with rigidity layering only (ρr, 2 = ρr, 1). In these simulations, we set the
initial number of dislocation elements N to 106 and 123 respectively with a test angle α = 0.5°; the energy threshold for propagation is set to ET = 0. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

the layer (ETlay) are different, the outcome might be favourable for interface propagation:
int

lay

ΔEint −ET NΔEmax −ET :

ð21Þ

The inequality (21) provides a condition for propagation along the
weak plane and can be expressed also in the form:
int

ET

h
lay
lay
ET −ðΔEmax −ΔEint Þ ¼ ET ð1−RT Þ

ð22Þ

int Þ
deﬁnes how much ETint must be
where the energy ratio RT ¼ ðΔEmaxE−ΔE
lay
T
lower than ETlay (at minimum) in order to obtain propagation along
the interface. For instance, if RT = 0.4, then ETint must be at least 40%
lower than ETlay in order to obtain propagation along z = 0.
The Coulomb failure function variation ΔCFF = |σxz| + fσzz induced
in the elastic medium on planes parallel to the interface is plotted together with the dike shape and the energetically preferred path in
Fig. 4. In ΔCFF the friction coefﬁcient f is taken equal to 0.7 and the
stress component σzz, the normal stress with respect to x = 0, is positive if tensile. The ΔCFF in Fig. 4 is positive at the boundary between
the two layers already before the dike reaches the interface and during the interface propagation. Positive values of ΔCFF are associated
with increased likelihood of rock failure, so that weakening or
unwelding might occur where the resistance to failure is lower. This
favours dike propagation along a plane with low fracture toughness
such as a layer boundary. In the ﬁrst conﬁguration (panels A.1 to
A.4 in Fig. 4) the medium is homogeneous. In order to obtain

propagation along z = 0 we need to lower the interface fracture
threshold by 46% with respect to elsewhere in the elastic medium.
Once the dike chooses the weak plane as the favourite fracture
plane, it propagates there as long as the energy release is larger
than the fracture threshold. The dike ﬁnally arrests as a sill. Considering a conﬁguration in which the lower medium has rigidity 15 GPa
but the upper one has rigidity 30 GPa (Fig. 4, panels B.1 to B.4), we
calculate that it is necessary to lower the fracture threshold on the interface only by 9% in order to obtain interface propagation. In order to
obtain the same ﬁnal result considering the opposite rigidity contrast
(Fig. 4 panels C.1 to C.4), we need to lower the fracture threshold over
the weak plane by 88%. By deﬁning the rigidity ratio r as the ratio between the rigidity of the upper medium over the rigidity of the lower
medium, we can summarise the results obtained for case 3 by saying
that lower RT values are needed to obtain propagation along the weak
plane for higher values of r.

3.4. Case 4: External stress ﬁeld
Finally, we consider dike propagation in presence of an external
stress ﬁeld. The proposed simulations are relative to:
1. propagation in a uniform horizontal compressive stress ﬁeld of
tectonic origin;
2. propagation in a uniform horizontal tensile stress ﬁeld;
3. propagation in presence of the spatially inhomogeneous stress
ﬁeld generated by a triangular topographic load.
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CASE 3 − Fracture Toughness Heterogeneities −
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Fig. 4. Rows (A, B, C) correspond to conﬁgurations (i), (ii) and (iii) of case 3, respectively. In the ﬁrst three columns successive “snapshots” of the propagating dikes are shown. The
Coulomb failure function variation induced on horizontal planes is shaded in background, the dashed line represents the energetically preferred path and the shape of the dike is
drawn exaggerated by a factor 1400. Panels A.4–B.4–C.4 show diagrams of the total speciﬁc energy release, plotted as functions of the s-coordinate along the dike path. In these
simulations we set the initial number of dislocation elements N to 104, 91 and 103 respectively with a test angle α = 0.5°.

In the ﬁrst conﬁguration (Fig. 5 panels A.1 to A.4) we set a compressive tectonic stress ﬁeld acting horizontally in a half space with
uniform density (panels A.1 and A.2) or with a superﬁcial neutral
buoyancy layer (A.3 and A.4) (we collected results for different simulations in summary ﬁgures, but all the simulations are independent,
with only one dike propagating at a time). The dikes, assumed to
start vertically dipping, turn horizontal as expected, as they deviate
perpendicularly to the maximum tensile stress. The dashed lines represent the paths obtained for different values of the compressive horizontal tectonic stress. If the compressive stress is large enough, the
dike arrests in a sill-like form before reaching the free surface, in
agreement with the experimental ﬁnding previously shown by
Menand et al. (2010). The deviation induced on the dike path by an
external stress ﬁeld is larger if the overpressure at the upper tip is
lower, so that the presence of a neutral buoyancy layer is found to facilitate dike deﬂection into a sill, as shown in panels A.3 and A.4 for
σ = 2 MPa. In this speciﬁc conﬁguration it is also remarkable that
the dike enters completely into the neutral buoyancy layer. The

over-pressure needed for dike propagation is provided by the external stress that acts as an additional conﬁning pressure, according to
Eq. (2), on the nearly vertical dislocation elements in the tail of the
dike (being σxx compressive) and, at the same time, decreases the
conﬁning pressure on the nearly horizontal elements close to the
upper tip (being σzz, the stress component perpendicular to the horizontal elements, tensile). The over-pressure (difference between
the magma pressure and the conﬁning pressure) is greater in the
upper part of the dike and thus a small but positive energy is released
while the dike turns to the horizontal direction of propagation, which
would vanish if the external compressive stress were absent. In this
conﬁguration the reference cross sectional area A0 was set to
3.5·10 3 m 2 and the energy threshold for propagation ET to 1 MPa m,
1
so that the fracture toughness was Kc ≃ 280 MPa m2 .
In the second conﬁguration (Fig. 5, panels B.1 to B.4) we set a tensile tectonic stress ﬁeld, acting horizontally. The dike is assumed to
start with a dip angle of 20°. During propagation, the dike deviates toward the direction of the maximum compressive axis, that is toward
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CASE 4 − External Stress Field −
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Fig. 5. Panel rows (A, B, C) correspond to conﬁgurations (i), (ii) and (iii) of case 4 respectively. In panels A.1 and A.2 a uniform compressive stress ﬁeld is applied to a half-space with
uniform density bounded by a free surface in z = 0. In panels A.3 and A.4 we introduce a layer with the same density as magma in the uppermost 4 km. In panels B.1 and B.2 we
consider a uniform tensile stress ﬁeld applied again to a uniform density medium while in panels B.3 and B.4 we introduce the neutral buoyancy layer in the upper 4 km of the halfspace. In these panels we plot in background the modulus of the displacement ﬁeld due to the dike. The dashed lines represent the energetically preferred paths and the shape of the
dike is exaggerated by a factor 400. Panels C.1 to C.4 show the effect on dike propagation induced by a triangular load applied on the surface. In panel C.2 the volume of the intrusion
is double than in panel C.1. In panel C.3 the starting point of the intrusions is shifted horizontally by 6 km and in C.4 by 12 km (in this last conﬁguration the initial dip angles of the
dikes are opposite with respect to the previous conﬁgurations.) Here we plot in background σ′, the horizontal component of the deviatoric stress tensor induced by the load, the
short grey lines indicate the direction of the maximum compressive axis.

the vertical. The dashed lines represent the paths obtained for different values of the tensile horizontal tectonic stress. In all the cases the
dike reaches the surface but the deﬂection toward the vertical direction is more efﬁcient if the tensile stress applied to the medium is
larger. In panels B.3 and B.4 we introduce a neutral buoyancy layer,
but its thickness proves insufﬁcient to provide dike arrest in proximity of the free surface. Also in this conﬁguration A0 was set to
3.5·10 3 m 2 and ET to 1 MPa m.
The asymmetry of the displacement ﬁeld, shown in background of
panels A and B, is due to interaction with the free surface and is particularly evident when the dike halts as a sill (A.2 and A.4).
In the last conﬁguration (Fig. 5, panels C.1 to C.4) we consider
propagation in presence of the stress ﬁeld generated by the topographic load of a volcanic ediﬁce. The energy threshold ET is
1
4 MPa m giving a fracture toughnessKc ≃ 560 MPa m2 . In panels C.1

and C.2 we collect different simulations with dikes starting right
below the load, with different dip angles and with a reference cross
sectional area A0 respectively of 2·10 3 m 2 and 4·10 3 m 2. In panels
C.3 and C.4 we shift laterally the starting point of the dikes with respect to the previous conﬁgurations keeping A0 = 4 ⋅ 10 3 m 2. In all
the simulations the dike deviates towards the direction of the maximum compressive stress and in most cases it deviates toward the topographic load.
In Fig. 5 we collect again different independent simulations, where
the propagating dikes do not interact with each other. The ascent of
interacting dikes has been studied numerically by Kühn and Dahm
(2008).
In the simulations C.1, the ﬂuid volume is not sufﬁcient to provide
propagation up to the surface: almost all the dikes arrest at 1 km
depth. This effect is due to the conﬁning pressure induced by the
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topographic load, that increases while the dikes are approaching the
load. Beside a deviatoric component, the topography induces an isotropic compressive stress in the medium which increases close to
the load. Thus, a dike propagating toward the surface is subject to a
conﬁning pressure that decreases less than the lithostatic pressure
(which is proportional to rock density). By increasing the magma volume (panel C.2), we ﬁnd that only the dike with the initial dip angle
25° does not reach the surface. This dike deviates in the direction of
the maximum compressive stress and arrests in a sill-like form. In
panel C.3 we obtain a similar result but in this case two dikes deviate
horizontally, arresting as sills. In the last conﬁguration C.4 all the
dikes start in a favourable direction to reach the surface. In summary,
we obtain as expected that dikes deviate toward the direction of the
maximum compressive axis. The magnitude of the deviation depends
on the magnitude of the applied stress and on the overpressure at the
upper tip of the dike (the so called driving pressure, which itself depends also on the initial direction of dike propagation). The greater
the driving pressure is, the lower the effect of the external stress
ﬁeld on the propagation path becomes.
The values of fracture toughness used are on the high end of the
range of values generally admitted; for lower values dikes would
propagate further before stopping.

4. Discussion and conclusions
4.1. Critical discussion of our technique
The dynamic problem describing the growth, propagation and arrest of an ascending ﬂuid-ﬁlled crack presents complicated aspects,
including the ﬂuid-dynamics of magma (in general a tri-phasic ﬂuid
with complex rheology) in a crack with moving walls, dynamic fracturing, heat conduction and convection, and the complex physics of
the upper and lower tips of the crack. Many of these aspects are still
debated and it is impossible at the current state of the art to account
simultaneously for all these effects. In this work we focus mainly on
the trajectory of slowly propagating dikes, and avoid entering into
the details of the physics of the upper tip by adopting a quasi-static
approach, which describes the evolution of the fracture as a sequence
of equilibrium conﬁgurations. This approach allows us to describe
fully the effects of elasticity on the dike, the interaction with rigidity
discontinuities, the inﬂuence of the lithostatic gradient and of an external stress ﬁeld. In order to calculate dike trajectories, we couple the
quasi-static description with a propagation criterion, which accounts
for the evolution of the whole system rather than focusing only on the
upper tip (as done according to the criterion of maximum tensile
stress). This matches well our dike model, which is physically
grounded globally but does not take into account the details of the
break-down zone at the propagating upper tip, where the dislocation
stress ﬁeld is unbounded according to elastic solutions.
In the present model we do not take into account the effects of viscosity on the crack shape and direction of propagation; also we neglect the effects of viscous pressure drop associated with ﬂuid
motion and thus cannot obtain any information on the velocity of
propagation. However it is remarkable that the trend of the energy
release per unit of propagation correlates well with the experimental
observations on the velocity variations of air ﬁlled cracks in gelatin:
during stiff-compliant transitions, Rivalta et al. (2005) observed an
acceleration of ﬂuid cracks. Our results show a peak in the energy release in this case (see Fig. 3 panel B.4). Moreover, we do not account
for the loss of ﬂuid mass in the open trail behind the dike, nor for
magma solidiﬁcation on crack walls. A loss of mass would limit the
dike propagation to a ﬁnite distance, depending on the initial mass
and the magma buoyancy (Taisne et al., 2011). Accordingly, the energetically preferred path predicted according to our simulations overestimates the distance covered by a dike.

Finally, our model (as most models of dike propagation) cannot
quantify 3D effects on dike trajectories. This is equivalent to considering the breadth (third dimension) of the dike as constant during
propagation. While it would be desirable to include 3D effects, this
is a challenge in the current state of the art because of the numerical
complexities involved and the lack of analytical solutions for 3D dislocations in layered media. See also Taisne et al. (2011) for a discussion on 3D propagation.

4.2. Implications for the likelihood of dike arrest, sill formation
or eruption
We can summarise the ﬁndings of the present work as follows:
Dike-to-sill
We observe dikes deviating toward the horizontal: (i) in presence
of high rigidity contrasts when the dike approaches a stiffer medium (see Maccaferri et al., 2010); (ii) in presence of weakly welded
layers (interface of low fracture toughness) especially if coupled
with a transition toward a stiffer upper layer (Fig. 4 second
row); (iii) propagation under the effect of a topographic load
with an angle, relative to the direction of the maximum compressive stress, that favours downward deﬂection (Fig. 5 third row),
hence approaching a region of compressive horizontal deviatoric
stress ﬁeld; (iv) propagation in a horizontally compressive environment (maximum compressive stress horizontal, minimum
compressive stress vertical) (Fig. 5 ﬁrst row).
Dike-to-arrested dike
We observe dikes arresting without deviating when they: (i) intrude into a layer where they become neutrally or negatively
buoyant (Fig. 2 row C); (ii) propagate in the direction of a topographic load with a low overpressure at the upper tip (Fig. 5
panel C.1).
Dike-to-eruption
We observe dikes reaching the surface (thus erupting) in case of:
(i) buoyant magma propagating in a homogeneous elastic medium (Fig. 2 ﬁrst row) or toward more compliant layers (Fig. 3 second row); (ii) propagation in a tensile stress environment
(maximum compressive stress vertical, minimum compressive
stress horizontal); (iii) propagation in an external stress ﬁeld generated by a topographic load with high overpressure and favourable orientation with respect to the direction of the maximum
compressive axis (Fig. 5 panels C.2, C.3 and C.4).
4.3. Comparison with other models and analogue experiments and
direction for future work
Our ﬁndings for case 3, conﬁguration (ii), agree well with experimental results from Kavanagh et al. (2006), who observed sill formation at stiff layering interfaces for large driving pressures and high
rigidity ratios between layers. On the basis of our calculations we expect propagation along the interface for stiff upper layers. We ﬁnd it
sufﬁcient for this case that the fracture toughness at the interface is
only a few percent lower (depending on the rigidity ratio) than the
fracture toughness of the upper layer in order for the interface to be
the energetically preferred path. Moreover, dike arrest was observed
in condition of lower driving pressure, in agreement with our energy
release proﬁles, that show a downward peak when a dike approaches
the interface with a stiffer medium. Kavanagh et al. (2006) observed
dike-sill hybrids for intermediate values of the driving pressure and
rigidity ratios. We do not reproduce this result because we do not
allow the fracture to split into two dislocations at the upper tip.
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Kavanagh et al. (2006) found density layering inefﬁcient for sill formation, in agreement with our ﬁndings from case 1.
The impossibility to create a sill just by density layering seems
to contradict previous published results by Taisne and Jaupart
(2009), who found that dikes swell signiﬁcantly at the upper tip
(nose region) above the interface with a low-density layer, where
the magma becomes negatively buoyant. They speculate that a sill
can develop out of this swollen nose provided that the dike tip intrudes sufﬁciently into the low density layer. The overpressure
needed for the nose region to swell is provided by the balance between the buoyancy gradient and the viscous pressure drop, but
depends also on the height of the inﬂated region above the interface, which itself depends on the volume rate of injected magma.
They obtain this result solving the equations of incompressible viscous ﬂow into a strictly vertically elongating channel with elastic
walls, fed with constant inﬂux from below. Our results are obtained
for the propagation of a ﬁnite batch of non-viscous magma free to
propagate in the energetically preferred direction. Again, different
approaches, with different simpliﬁcations and assumptions, can
lead to different conclusions. A ﬁnal answer to this question could
probably be obtained using a mixed model, that accounts for viscous ﬂow and allows a change of trajectory during propagation.
We highlight however (see also Menand, 2011) that both models
are in plane strain conﬁguration while 3D effects can be of great
importance for dike arrest at the NBL. In particular, the horizontal
opening of the nose region, above the negatively buoyant interface,
calculated by Taisne and Jaupart (2009) would increase enormously
the deformation energy of the elastic medium: a more efﬁcient
way, from an energetic point of view, to house the new magma
provided by the feeding source would be for the dike to propagate
laterally, in the third dimension that our 2D formulations cannot
account for. This conjecture is supported by experimental evidence
(Lister and Kerr, 1991).
By interpolating experimental observations, Menand et al. (2010)
derive an empirical relation for the vertical distance travelled by a
dike propagating in a horizontally compressive stress environment.
They point out that some cracks can reach the surface despite the
compressive environment: complete dike-into-sill rotation occurs
only for large compressive stress or small driving pressure. These results match qualitatively our ﬁndings. After a direct comparison with
our conﬁguration (i) in case 4, we ﬁnd a quantitative disagreement:
using an initial setting with external deviatoric stress σxx =−3 MPa
and σzz = + 3 MPa (approximatively equivalent to a conﬁguration
with σxx =−6 MPa and σzz = 0 MPa) as input for Eq. (4) in Menand
et al. (2010), gives a travelled distance of 12 km for the upper tip of
the dike, while we ﬁnd the arrest of the dike as a sill already after
6 km. This discrepancy might depend on the limited dimension of
the gelatin block, or it might indicate a bias in our results due to 3D
effects. Qualitatively however, our numerical models agree with
those experimental results. A systematic comparison with results
from gelatin experiment could be useful in order to (i) understand
when 3D effects affect signiﬁcantly our results and possibly (ii) calibrate our model on the basis of those results.
Watanabe et al. (2002) observe experimental air-ﬁlled crack to
progressively deﬂect to the direction of maximum compressive
deviatoric stress. They observe higher overpressure resulting in a
smaller effect of the external stress on the crack path. Our results
from case 3 conﬁguration (iii) (Fig. 5 last row) are in agreement
with those ﬁndings, and again a systematic comparison with results
from gelatin experiment could be addressed in future work.
Further development of this model could address the interaction
between two or more embedded magma bodies with constant
mass. In particular, the interaction between a sill and a propagating
dike would be of interest in order to better understand the conditions
for the formation of big magma bodies by dikes and sills accumulation
(Kühn and Dahm, 2008; Horsman et al., 2010; Gudmundsson, 2011)
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and dike propagation through and out of a previously emplaced sill
(White et al., 2011).
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